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SUMMARY 
The problem of e x t r a c t i n g  frequency, damping, amplitude,  and phase in fo r -  
mation from unforced t r a n s i e n t  response d a t a  is considered. These q u a n t i t i e s  
are obtained from t h e  parameters determined by f i t t i n g  t h e  d i g i t i z e d  t i m e -  
h i s t o r y  d a t a  i n  a least-squares  sense  with complex exponent ia l  funct ions.  The 
h i g h l i g h t s  of t h e  method are descr ibed and t h e  r e s u l t s  of several test cases 
are presented. The e f f e c t s  of n o i s e  are considered both by us ing  a n a l y t i c a l  
examples with random n o i s e  and by est imat ing t h e  standard d e v i a t i o n  of t h e  
parameters from maximum-likelihood theory. 
INTRODUCTION 
One of t h e  fundamental t a s k s  i n  f l u t t e r  t e s t i n g  is t h e  determinat ion of t h e  
frequency and damping of a e r o e l a s t i c  modes. 
r eco rds  are o f t e n  used f o r  e x t r a c t i n g  t h i s  information and may be generated 
d i r e c t l y  by a method such as t h e  resonant  dwell  and c u t  (e.g. ,  see r e f .  l), o r  
i n d i r e c t l y  through t h e  u s e  of a u t o c o r r e l a t i o n  o r  randomdec types of data-  
r educ t ion  techniques ( r e f s .  2 and 3 ) .  Graphical o r  manual techniques have o f t e n  
been used t o  determine frequency and damping, b u t ,  with t h e  widespread u s e  of 
automated data-reduction procedures,  numerical c u r v e - f i t t i n g  techniques of com- 
p l ex  exponent ia l  func t ions  o r  damped s i n e  waves are f r e q u e n t l y  used. There may 
b e  s t r o n g  i n t e r a c t i o n s  between t h e  c u r v e - f i t t i n g  method and t h e  da t a -co l l ec t ion  
process ,  espec ' ia l ly  i n  t h e  areas of record l e n g t h  requirements and spec i f i ca -  
t i o n s  of no i se  level  and d i s t o r t i o n .  
f o r  t h e  c u r v e - f i t t i n g  process ( r e f s .  4 t o  6 ) .  The purpose of t h i s  paper is  t o  
d e s c r i b e  a method t h a t  takes  a somewhat d i f f e r e n t  approach from the previous 
works. The emphasis h e r e  is on developing a n e a r l y  real-time d i g i t a l  technique 
t h a t  is not  only computationally f a s t  but is a l s o  s t a b l e  i n  t h e  presence of 
real-world n o i s e  o r  contamination e f f e c t s .  A simple d i r e c t  s ea rch  technique 
f o r  ob ta in ing  a least-squares  f i t  us ing exponent ia l  func t ions  has  been developed 
and i s  presented. The a p p l i c a t i o n  t o  s e v e r a l  test cases is presented and d i s -  
cussed. Some e f f e c t s  of measurement no i se  are evaluated by comparing test-case 
r e s u l t s  f o r  d i f f e r e n t  signal-to-noise r a t i o s ,  and by developing estimates of t h e  
s tandard dev ia t ions  of t h e  parameters from maximum-likelihood theory ( r e f .  7 ,  
e . g . ) .  
T rans i en t  response o r  free decay 
Several procedures are c u r r e n t l y  a v a i l a b l e  
It should b e  kep t  i n  mind t h a t  although i n  a p r a c t i c a l  engineering sense 
t h e  u s e  of exponent ia l  func t ions  f o r  t h e  a n a l y s i s  of d a t a  may be s a t i s f a c t o r y ,  
t h e  a e r o e l a s t i c  equat ions are n o t  s t r i c t l y  cons t an t - coe f f i c i en t  ordinary 
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d i f f e r e n t i a l  equat ions  ( r e f ,  8 )  and may involve  o the r  func t ions .  Furthermore, 
t h e  e x t r a p o l a t i o n  of damping measured a t  s u b c r i t i c a l  cond i t ions  t o  f l u t t e r  may 
a l s o  have shortcomings. For example, a case presented i n  r e f e r e n c e  9 ind ica t ed  
a s lope  and cu rva tu re  away from a f l u t t e r  c ros s ing  i n  a p l o t  of damping a g a i n s t  





















c o e f f i c i e n t  i n  curve f i t ,  t h e  o f f s e t  o r  s ta t ic  va lue  (en. (1 ) )  
c o e f f i c i e n t  of k t h  cos ine  t e r m  i n  curve f i t  (eq.  (1)) 
c o e f f i c i e n t  of k t h  s i n e  t e r m  i n  curve f i t  (en. (1) )  
mean-squared e r r o r  (eq. (2) ) 
expected v a l u e  (eq. ( 3 ) )  
frequency , Hz 
i t h  d a t a  p o i n t  of d i g i t i z e d  time h i s t o r y  
d a t a  po in t  index,  1 t o  N 
parameter index 
number of modes i n  curve f i t  
modal index, 1 t o  K 
number of d a t a  p o i n t s  i n  d i g i t i z e d  time h i s t o r y  
ou tpu t  e r r o r  covar iance  mat r ix  
parameter s e n s i t i v i t y  m a t r i x  
t i m e ,  seconds 
v e l o c i t y  
f l u t t e r  v e l o c i t y  
curve-f i t t i n g  express ion  (eq. (1)) 
f r a c t i o n  of c r i t i ca l  damping 
damping c o e f f i c i e n t  (eq. (1)) 
w frequency , r ad  / s ec 
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ANALYSIS 
Least-Squares F i t t i n g  Procedure 
Given a f r e e  decay record conta in ing  t h e  response of one o r  more v i b r a t i o n  
modes i n  t h e  form of a d i g i t i z e d  t i m e  h i s t o r y ,  t h e  problem is t o  determine the  
modal damping, f requency,  ampli tude,  and phase of each mode. A l eas t - squares  
cu rve  f i t  is  made wi th  complex exponent ia l  f u n c t i o n s  (or  damped s i n e  waves) i n  
t h e  form 
-qkt 
(ak cos  w t + b s i n  w t) k k k Y ( t >  = a. + 1 e k = l  
by minimizing t h e  squared-error  d i f f e r e n c e  between t h e  ou tpu t  f i t  
t h e  i n p u t  t i m e  h i s t o r y  f i .  The e r r o r  is g iven  by 
Y ( t i )  and 
Inspec t ion  of equat ion  (1) shows t h a t  i f  '7k and wk are preassigned,  i t  
is p o s s i b l e  t o  compute ao, ak, and bk by so lv ing  a l i n e a r  leas t - squares  prob- 
l e m .  The nonl inear  parameters  ?& and wk must be determined by some type  of 
s ea rch  algori thm. Although t h i s  is  a s tandard  nonl inear ,  unconstrained optimi- 
z a t i o n  problem f o r  which several methods are a v a i l a b l e  f o r  t r i a l ,  f o r  s i m p l i c i t y  
a d i r e c t  search  technique is used t o  search  t h e  coord ina te  space  (nk,wk) u n t i l  
t h e  va lues  t h a t  minimize equat ion  (2) are obta ined .  A t  each s t e p ,  v a l u e s  f o r  
r& and wk are determined, t h e  s m a l l  l i n e a r  system so lved ,  and t h e  e r r o r  
recomputed . 
The technique has  been programed f o r  t h e  Xerox Sigma 5 
I n  t h e  program, t h e  coord ina te  s tepping  process  proceeds as 
(1) A s t a r t i n g  set of coord ina te s  I)k,wk (k  = 1, e . 
s t e p  s i z e  are fu rn i shed  t o  t h e  program. 
d i g i t a l  computer. 
fol lows:  
, K )  and a s t a r t i n g  
(2) The e r r o r  E is  computed a t  ('7k,%) and a t  4 K  a d d i t i o n a l  p o i n t s  
obtained by adding and s u b t r a c t i n g  t h e  s t e p  s i z e  t o  o r  from each va lue  of 
and wk" If t h e  c e n t r a l  e r r o r  E is  less than  any of t h e  4 K  p e r i p h e r a l  
va lues  of E ,  t h e  s t e p  s i z e  i s  reduced by 75 percent ,  and t h e  c a l c u l a t i o n s  are 
repea ted  . 
qk 
( 3 )  Otherwise,  t h e  p o i n t  t h a t  gave t h e  lowest  v a l u e  of E i s  taken  t o  be 
t h e  new central p o i n t ,  and t h e  s t e p  s i z e  is increased  by 10  percent .  
( 4 )  The procedure is terminated when e i t h e r  t h e  s t e p  s i z e  has  been reduced 
below a preassigned threshold  o r  a preassigned number of s t e p s  have been 
executed. 
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The method r e q u i r e s  s t a r t i n g  va lues  f o r  ?& and Wke For a s i n g l e  mode t h e  
starters can b e  a r b i t r a r y .  However, f o r  t h e  multiple-mode case, t 
t i m e  can b e  s i g n i f i c a n t l y  reduced by choosing good starters, 
procedure has  been found t o  be  a reasonable  way of g e t t i n g  starters f o r  
multiple-mode cases: 
The fol lowing 
(a) Generate  a one-mode s o l u t i o n  us ing  a r b i t r a r y  starters. 
(b) Compute t h e  d i f f e r e n c e  between t h e  one-mode s o l u t i o n  and t h e  input  
d a t a ,  t h a t  is ,  t h e  output  e r r o r .  Then gene ra t e  a one-mode f i t  t o  t h e  e r r o r .  
(c )  U s e  t h e  '?k and Wk va lues  from s t e p s  ( a )  and (b) as t h e  starters 
f o r  t h e  two-mode s o l u t i o n .  
(d) For higher  modes, s t e p s  (b) and ( c )  are repea ted  us ing  t h e  d i f f e r e n c e  
between t h e  c u r r e n t  ml t ip l e -mode  s o l u t i o n  and the  o r i g i n a l  d a t a  t o  estimate 
t h e  next  h igher  mode. 
Although t h i s  procedure i s  cumbersome, i t  appears  t o  be s t a b l e  and, a t  
least f o r  t h e  single-mode case, s u r p r i s i n g l y  f a s t .  It would a l s o  be  very  help- 
f u l  t o  set t h e  method up on an i n t e r a c t i v e  b a s i s  s i m i l a r  t o  t h e  technique 
descr ibed i n  r e f e r e n c e  10 .  
One of t h e  schemes i n  t h e  l i t e r a t u r e  is  r e f e r r e d  t o  as Prony's  method 
( r e f .  4 ) .  It computes rik and "k by so lv ing  a 2K-order polynomial equat ion  
whose c o e f f i c i e n t s  are determined from a l eas t - squa res  process .  
f o r  t h e  c o e f f i c i e n t s  ao, ak,  and bk is then  determined by a l i n e a r  least- 
squares  procedure,  as i s  done here .  S ince  t h i s  method is e l egan t  and computa- 
t i o n a l l y  e f f i c i e n t ,  i t  w a s  examined dur ing  t h e  p re sen t  s tudy.  However, i t  has  
been the  au tho r s '  experience t h a t  a l though Prony's method works w e l l  f o r  p e r f e c t  
d a t a ,  i t  is  so s e n s i t i v e  t o  real-world n o i s e  t h a t  it i s  e s s e n t i a l l y  u s e l e s s  even 
f o r  genera t ing  starters f o r  t h e  search  algori thm. 
The s o l u t i o n  
Uncer ta in ty  Levels of Estimated Parameters 
The s tandard  d e v i a t i o n s  of t h e  es t imated  parameters ,  o r  u n c e r t a i n t y  levels, 
can  be determined from maximum-likelihood theory ( r e f .  7 ,  e .g . ) .  This  type of 
estimate has  provided some u s e f u l  r e s u l t s  i n  t h e  f i e l d  of s t a b i l i t y  and c o n t r o l  
(e .g . ,  r e f .  11). Assuming only measurement no i se  t h a t  is Gaussian and white,  
t h e  expected va r i ance  of t h e  parameter v e c t o r  is  
A 
where S is  t h e  parameter s e n s i t i v i t y  matrix, R 1  is  t h e  output  e r r o r  covari-  
ance mat r ix ,  h e r e  a cons t an t ,  and T denotes  matrix t ranspose.  The parameter 
vec to r  p is  made up of ao, ak, bk, '?k, and k&, and t h e  s e n s i t i v i t y  matrix 
is given by S j  (ti) = . These elements  of t h e  s e n s i t i v i t y  ma t r ix  can b e  
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-t 
a y ( t i )  
aPj  
ca lcu la t ed  by d i r e c t l y  d i f f e r e n t i a t i n g  equat ion  ( l ) ,  and t h e  va r i ance  is a 
normal output  parameter.  Thus, f o r  a s i n g l e  channel  of d a t a ,  as considered 
here ,  t h e s e  parameter u n c e r t a i n t y  levels can be  r e a d i l y  c a l c u l a t e d  a f t e r  t h e  
cu rve - f i t t i ng  process  is  completed. 
RESULTS AND DISCUSSION 
The c u r v e - f i t t i n g  method has  been appl ied  t o  t h r e e  sets of d a t a  as test 
cases .  The f i r s t  case is a c a l c u l a t e d  damped s i n e  wave w i t h  n o i s e  added wi th  a 
random-number gene ra to r .  The t r u e  answer is thus  known. The second case is  
wind-tunnel d a t a  from t h e  dynamic c a l i b r a t i o n  of an a i r c r a f t  g u s t  vane. The 
t h i r d  case is  a set  of d a t a  c o n s i s t i n g  of t h e  s u b c r i t i c a l  randomdec s i g n a t u r e s  
of t h e  response t o  i n p u t  no i se  of a two-dimensional f l u t t e r  model t h a t  w a s  
implemented on a n  analog computer. 
Ana ly t i ca l  T e s t  Case 
The ca l cu la t ed  d a t a  f o r  t h e  a n a l y t i c a l  test case wi th  no added n o i s e  are 
shown i n  f i g u r e  l ( a )  and are compared wi th  t h e  f i t t e d  curve,  which i s  exact i n  
t h i s  case. For t h i s  case, t h e  a n a l y t i c a l  i n p u t  func t ion  w a s  a s i n g l e  mode wi th  
o f f s e t  and i s  g iven  by 
-5 t  Y ( t )  = 1 - e cos  3 0 t  
The curve f i t s  f o r  va r ious  levels of random no i se  are shown i n  f i g u r e s  l ( b )  
t o  l ( d ) .  The n o i s e  level  is de f ined  as t h e  r m s  level  of t h e  Gaussian n o i s e  and 
is  g iven  as t h e  f r a c t i o n  of t h e  maximum ampli tude of t h e  mode t h a t  is  1. The 
r e s u l t s  of the  curve  f i t  are summarized i n  f i g u r e  2. Only modest degrada t ion  
of t h e  r e s u l t s  is  shown f o r  r easonab le  va lues  of no i se  level of up t o  0.10 or  
0.20. Also shown, as b racke t s  on  t h e  po in t s ,  are t h e  s tandard  d e v i a t i o n s  of 
t h e  parameters,  o r  u n c e r t a i n t y  levels, c a l c u l a t e d  from equat ion  (3) u s ing  t h e  
r e s u l t s  ou tput  from t h e  curve- f i t  procedure.  
parameters are known and i t  is p o s s i b l e  t o  c a l c u l a t e  a p red ic t ed  u n c e r t a i n t y  
level from t h e  exact parameters by assuming t h a t  t h e  output  e r r o r  covar iance  is  
t h e  v a l u e  f o r  the n o i s e  only. 
Both r e s u l t s  g i v e  a good i n d i c a t i o n  of t h e  a c t u a l  scatter, and thus  t h e  confi-  
dence level, w i t h  n o i s e  l e v e l .  It might b e  noted t h a t  t h e  e f f e c t  of n o i s e  is  
l a r g e r  on the  c o e f f i c i e n t s  a1 and b l  than  on t h e  damping, frequency, o r  
o f f s e t .  Thus, one must be  more cau t ious  i n  us ing  t h e  magnitude and phase 
information from such procedures.  
I n  t h i s  case t h e  exact modal 
These p red ic t ed  levels are shown as dashed l i n e s .  
These r e s u l t s  amply demonstrate  t h a t  t h e  a lgor i thm works w e l l  i n  t h e  pres- 
ence of random measurement no i se .  It has been t h e  au tho r s '  experience,  however, 
t h a t  a test  case of t h i s  type does no t  i n d i c a t e  t h a t  a method w i l l  be  s a t i s f a c -  
t o r y  i n  p r a c t i c e .  The no i se  h e r e  is random w i t h  zero mean, whereas i n  t h e  real 
world,  t h e  e f f e c t s  of frequency d r i f t ,  meandering means, and harmonic d i s t o r t i o n  
are more severe.  
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Gust Vane Data 
The two cases considered are from a wind-tunnel dynamic c a l i b r a t i o n  of a 
l i g h t  b a l s a  vane used t o  sense  atmospheric tu rbulence  on a n  a i r c r a f t .  The vane 
w a s  mechanically d isp laced  and r e l eased  r e p e t i t i v e l y .  S ince  t h e  response  t o  
tunnel  tu rbulence  w a s  a s i z a b l e  f r a c t i o n  of t h e  t o t a l  response and the release 
condi t ions  somewhat ill def ined ,  t h e  t r a n s i e n t s  w e r e  ensemble averaged. The 
background n o i s e  w a s  thus  diminished, bu t  a pure s t e p  response w a s  n o t  obtained.  
The two cases considered are c a l l e d  t h e  low-damping case and t h e  high-damping 
case (although t h e  low-damping case is  r e l a t i v e l y  h igh ly  damped by s t r u c t u r a l  
s tandards) .  The d a t a  f o r  t h e  low-damping case and t h e  one-mode f i t  are shown 
i n  f i g u r e  3 ( a ) .  The f i t  is reasonable ,  bu t  t h e r e  is  some sys temat ic  d e v i a t i o n ,  
p a r t i c u l a r l y  near  t h e  r igh tmost  po r t ion  of t h e  da t a .  A two-mode f i t  w a s  com- 
puted and, as shown i n  f i g u r e  3(b)  , g ives  a s i g n i f i c a n t l y  improved r e s u l t .  The 
r e s u l t s  of t h e  one- and two-mode f i t s  are summarized as fo l lows:  
One-mode f i t  
Y(t)  = 0.0444 
-e -39*9 t (~ .239  cos 140t  - 0.452 s i n  140 t )  
Two-mode f i t  
Y( t )  = 0.0450 
(0.137 cos  133t  - 0.372 s i n  133 t )  -e 
-e -34'6t(0.086 cos  190t  - 0.026 s i n  190 t )  
-35.lt 
A s  compared w i t h  t h e  one-mode r e s u l t s ,  t h e  two-mode d a t a  i n d i c a t e  t h a t  t h e  of f -  
set is  nea r ly  t h e  same, t h e  frequency of t h e  f i r s t  mode is reduced by about 
5 percent ,  and t h e  damping is  reduced by about  10 pe rcen t ,  along wi th  s i z a b l e  
changes i n  t h e  c o e f f i c i e n t s  of t h e  f i r s t  mode. The phys ica l  s i g n i f i c a n c e  of t h e  
second mode is no t  clear i n  t h i s  case; i t  may be low-frequency n o i s e  t h a t  has 
no t  completely averaged o u t  i n  t h e  ensembling process .  However, it i s  thought 
t h a t  t h e  r e s u l t s  f o r  t h e  f i r s t  o r  p r i n c i p a l  mode obta ined  i n  t h e  two-mode f i t  
are more r e p r e s e n t a t i v e  of t h e  system response.  
The r e s u l t s  f o r  t he  h igh ly  damped case are presented i n  f i g u r e s  4 (a )  and 
4(b) .  The r e s u l t s  and t r ends  are similar t o  those of t h e  low-damping case. 
This  case is  a p a r t i c u l a r l y  d i f f i c u l t  one t o  analyze,  as i t  has h i g h  damping, a 
l a r g e  o f f s e t ,  and a low-frequency d i s t o r t i o n .  The a lgor i thm of t h i s  paper 
appears  t o  g i v e  a reasonable  r e s u l t  f o r  t h i s  case. 
Randomdec-Analog F l u t t e r  Data 
Some s u b c r i t i c a l  randomdec s i g n a t u r e s  of t h e  response  of a two-dimensional, 
two-degree-of-freedom f l u t t e r  model t o  i n p u t  no i se  on a n  analog computer are 
a l s o  t r e a t e d .  The mathematical  model and test se tup  w e r e  t h e  same as those  of 
t h e  i n v e s t i g a t i o n  of r e f e r e n c e  9. The s i g n a t u r e s  and a one-mode curve  f i t  are 
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shown i n  f i g u r e s  5 (a )  t o  5(d) as t h e  v e l o c i t y  approaches f l u t t e r ,  A s  f l u t t e r  
is approached t h e  s i g n a t u r e s  show l i t t l e  scatter o r  d i s t o r t i o n ,  i n  c o n t r a s t  t o  
t h e  lower v e l o c i t i e s .  The s i g n a t u r e s  con ta in  two modes, b u t  t h e  lower frequency 
mode i s  apparent ly  unconverged i n  t h e  randomdec procedure and could n o t  be  ade- 
qua te ly  resolved by t h e  cu rve - f i t  procedure,  The r e s u l t s  f o r  t h e  f l u t t e r  mode 
are compared wi th  t h e  exac t  s o l u t i o n  i n  f i g u r e  6.  The agreement i s  q u i t e  good 
i n  both  frequency and damping, w i t h  t h e  f l u t t e r  speed underpredicted by less 
than 1 percent ,  which is w i t h i n  t h e  expected accuracy of t h e  analog se tup .  
Thus, t h e  curve- f i t  procedure appears  t o  be  a p r a c t i c a l  means of analyzing 
randomdec s igna tu res ,  
CONCLUDING RFJURKS 
A l eas t - squares  curve-f i t t i n g  procedure t o  e x t r a c t  frequency, damping, 
amplitude,  and phase information from f r e e  decay records  has  been presented .  
The method appears  t o  be s t a b l e  and t o  g ive  reasonable  r e s u l t s  i n  t h e  presence 
of no ise .  Some of t h e  e f f e c t s  of n o i s e  on t h e  parameter estimates can b e  
assessed  by c a l c u l a t i n g  t h e  u n c e r t a i n t y  levels from maximum-likelihood theory.  
The method is r e l a t i v e l y  f a s t  f o r  a one-mode f i t ,  gene ra l ly  r e q u i r i n g  5 t o  
15  seconds on a Xerox Sigma 5 computer (which would be about  1 second on a 
CDC 6600 computer) and thus  is  a candida te  f o r  a real-time method. The two- 
mode s o l u t i o n ,  however, r e q u i r e s  2 t o  5 minutes,  and a three-mode s o l u t i o n  is  
very  long t o  c a l c u l a t e .  Fur ther  work is  needed t o  accelerate t h e  multiple-mode 
c a l c u l a t i o n s .  It would a l s o  be  ve ry  h e l p f u l  t o  set t h e  method up on a n  i n t e r -  
active b a s i s .  Cur ren t ly ,  t h e  only  mult iple-channel  c a p a b i l i t y  is t o  f i t  each 
channel of d a t a  s e p a r a t e l y ,  determine a weighted mean f o r  frequency and damping, 
and then  r e c a l c u l a t e  t h e  c o e f f i c i e n t s  f o r  each channel.  This  procedure may be  
s a t i s f a c t o r y  f o r  engineer ing purposes ,  but  t h e  development t o  a t r u e  mul t ip le -  
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(b) Noise, 0.05. 
Figure 1.- Curve f i t  f o r  a n a l y t i c a l  ca se  
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(d) Noise, 0.50. 
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Figure 2.- Results of analytical case with random noise. 
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Figure 4 . -  Gust-vane curve f i t  f o r  
high-damping cas  e. 
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(c) V/Vf = 0.941. 
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(d) V/Vf = 0.992. 
Figure 5.- Concluded. 
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Figure  6.- Comparison of curve f i t  of randomdec-analog 
d a t a  wi th  exact c a l c u l a t i o n s .  
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